. (2018). Fault mode probability factor based fault-tolerant control for dissimilar redundant actuation system. Chinese Journal of Aeronautics, 31(5), 965-975. doi:10.1016/j.cja.2018.01.026 Fault mode probability factor based fault-tolerant control for dissimilar redundant actuation system Abstract This paper presents a Fault Mode Probability Factor (FMPF) based Fault-Tolerant Control (FTC) strategy for multiple faults of Dissimilar Redundant Actuation System (DRAS) composed of Hydraulic Actuator (HA) and Electro-Hydrostatic Actuator (EHA). The long-term service and severe working conditions can result in multiple gradual faults which can ultimately degrade the system performance, resulting in the system model drift into the fault state characterized with parameter uncertainty. The paper proposes to address this problem by using the historical statistics of the multiple gradual faults and the proposed FMPF to amend the system model with parameter uncertainty. To balance the system model precision and computation time, a Moving Window (MW) method is used to determine the applied historical statistics. The FMPF based FTC strategy is developed for the amended system model where the system estimation and Linear Quadratic Regulator (LQR) are updated at the end of system sampling period. The simulations of DRAS system subjected to multiple faults have been performed and the results indicate the effectiveness of the proposed approach.
Fault mode probability factor based fault-tolerant control for dissimilar redundant actuation system Dissimilar Redundant Actuation Systems (DRAS), composed of Hydraulic Actuator (HA) and Electro-Hydrostatic Actuator (EHA), have been increasingly gaining consideration for the application in the large commercial aircraft due to their ability to avoid possible common mode failures. [1] [2] [3] DRAS has the advantage of fast response and high reliability associated with HA actuator, while avoiding common mode failure by introducing redundant EHA. 4 The research on DRAS system has become the mainstream of the large aircraft development programs. The latest Airbus aircraft, A380 and A350, have adopted DRAS system of 2H/2E type. 5 The HA systems commonly experience gradual faults caused by oil leakage and constriction of oil flow which ultimately lead to the system performance degradation. Although these faults may have limited initial side-effect, over the long life-time they can result in increasingly adverse effects on the actuation system and impact the overall system performance. Therefore, measures must be taken to maintain certain level of acceptable system performance under the gradually increasing system fault conditions. The Fault-Tolerant Control (FTC) techniques [6] [7] [8] are commonly used to remedy the faults and maintain the aircraft system safety at a high level, and could also be applied to designing the FTC mechanism for the actuation system with gradual faults.
Design of FTC system requires that the system parameters be known, which is difficult to realize in real application. 9 Researchers have proposed various control methods for uncertain systems operating under very specific working conditions and for short period of time, specifically, for the cases when gradual faults do not have significant effect on the system performance. However, there are few control methods for systems with varying and uncertain parameters over long period of time, which prompted many researchers to focus on the system identification techniques [10] [11] [12] [13] commonly applied to systems under normal operating conditions and over a specific time period. However, when system faults occur, the corresponding system parameters would drift, which would increase the identification errors of the parameter values. When the system suffers multiple faults of different severity levels, the system parameters would present uncertainty. Therefore, traditional approaches addressing system identification are inadequate for effective control design for the systems with increasing errors of parameters. This is especially evident in the case of a system with changing parameters caused by the gradual faults of the imprecise system model. The robust control techniques, 14, 15 adaptive design techniques 16, 17 and the Linear Parameter Varying (LPV) control design methods 18 can deal with the system uncertainty to some degree, but they exhibit limitations when applied to systems with multiple gradual faults which occur over a long working period.
Design of an effective FTC mechanism for DRAS experiencing gradual faults, is a complex problem which involves not only system identification over a long period of time but also design of the fault-tolerant controller. This paper proposes a Fault Mode Probability Factor (FMPF) based FTC strategy for multiple fault modes of DRAS over a long working period. Since the identification errors would increase due to the multiple gradual faults, the cycle of sampling method is used to record the multiple fault modes and provide the historical statistics as the fault information. Applying the proposed FMPF with expectation operator, the historical statistics can be used to estimate current degree and values of multiple faults. Finally, the amended system model based on FMPF can be obtained and used to design the fault-tolerant controller. Based on the amended system model, the control gain can be determined using Linear Quadratic Regulator (LQR). [19] [20] [21] To balance the system model precision and the computation time, a Moving Window (MW) method is used to determine the amount of applied historical statistics, following a certain window size, at the end of the most recent sampling period, new system parameter estimation results are imported into the applied historical statistics while the oldest set is removed, and then the chosen historical statistics are processed by using the FMPF to update the system parameters. The updated system parameters are then used to modify the control law to compensate for the effects of the changed gradual faults. In this paper, the Monte Carlo method is used to provide simulation data for different periods. Several case studies of DRAS, subjected to multiple faults, are performed to analyze the effectiveness of this method and associated design approach.
The main contribution of this paper is the FMPF based FTC strategy for multiple fault modes of DRAS under long term working conditions, where the control gain of the faulttolerant controller is updated with each sampled data set. This approach allows the system performance to be maintained within reasonable range even under changed working conditions caused by the gradual faults. Compared with the existing FTC design methods, the proposed FMPF approach applies the expectation operator on the historical statistics resulting in a novel way to comprehensively utilize the system statistical information, where law of large numbers and central limit theorem can be used to provide theoretical foundations, and meanwhile, the MW method balances the system model precision and the computation time.
Notation: Throughout this paper, the superscript T specifies matrix transposition, D specifies parameter error. The symbol P stands for probability and E expectation operator. RefkðÁÞg is the form of eigenvalue real part. wðtÞ 2 L 2 0; 1Þ ½ is a quadratic differential function. maxðÁÞ and minðÁÞ express maximum value and minimum value respectively.
System description
The DRAS system is composed of one HA system and one EHA system as shown in Fig. 1 . In the normal operating condition, only HA drives the control surface while EHA is in the follower mode, i.e. backup mode. This type of active/passive (A/P) operating mode, known as H A /E P mode, is the most common operating mode since HA system has better performance than EHA system. Consequently, the proposed FTC strategy is developed for this operating mode and leaves the E A /H P operating mode as an alternate FTC strategy.
Modeling of H A /E P mode under normal operating condition
The model of H A /E P system, used in this work, has been previously developed and published by this research group. 22 The model is based on the assumption that the control surface is a rigid body of known mass and inertial moments. The forces acting on the system include the HA cylinder force, F h , inertial and damping load of the EHA system, and aerodynamic force, F L . The state space representation of the system is given as follows:
where the state vector is defined as xðtÞ ¼ ½x h ; _ x h ; P h ; x v T , x h and _ x h are the velocity and acceleration of the piston respectively, P h is the cylinder pressure, and x v is the servo valve displacement; uðtÞ is the system input to be designed; yðtÞ is the system output; wðtÞ is unknown disturbance. The state, input, output, and disturbance matrices are as follows 23 : 
Modeling of H A /E P mode with multiple gradual faults
According to the published research, 24, 25 the gradual faults of HA, which cause the parameters drift, can be classified in the following five types: (A) the change of servo valve time constant s v due to the servo valve blockage; (B) the change of servo valve gain K v due to the servo valve leakage; (C) the change of bulk modulus E h due to the air entrapment in oil; (D) the change of damping coefficient B h due to the increasing motion damping; (E) the change of leakage coefficient C hl due to the hydraulic cylinder leakage. These types of gradual faults may be difficult to detect but would result in degradation of the system performance. The uncertainty modulation matrices are used to model these faults in DRAS system and to describe the parameter uncertainty caused by these faults. Assuming that the system does not experience sensor faults, the DRAS model of the H A /E P mode with gradual faults can be represented in the following form:
where DA and DB are deviations in the original state and input matrices caused by parameter change due to the system faults. The system matrices and the fault modulation matrices can be expressed as follows: 
where coefficients A and B matrices are defined in Eq. (2), whereas 
Amended model based on fault mode probability factor
Since gradual faults have stochastic characteristics, they can be described using probabilistic approach. As the gradual faults converge to a particular state, that state can be regarded as the expectation of the final gradual fault changed state and could be used to describe the gradual fault process and design appropriate FTC strategy. Fault mode probability factor based fault-tolerant control for dissimilar redundant actuation system
The effects of all the gradual faults have been modeled as uncertainty matrices DA and DB which can be regarded as random variables ðDAðtÞ; DBðtÞÞ due to the gradual change of DRAS faults. The matrices ðDA T i ; DB T i Þ are updated after every sampling period T followed by the parameter estimation procedure, where T i is the ith sampling period. According to Law of Large Numbers and the gradual change of DRAS faults, the matrix class sequence of gradual fault parameters will converge to the expected value ðDA E ; DB E Þ, P lim
Since the matrix class sequence ðDA T i ; DB T i Þ can be obtained from periodically sampled historical statistics, and since they may vary only with the sampling period, therefore, if there are N sets of the sequence ðDA T 1 ; DB T 1 Þ ! ðDA TN ; DB TN Þ, they can be regarded as independent with the same distribution. Since the matrix class sequence is historical statistics of gradual faults at different periods, the sequence can have limited non-zero matrix variance r 2 . Therefore, according to the central limit theorem, the error with the expectation ðDA E ; DB E Þ can be described as
If there is sufficient amount of historical statistics, namely, for sufficiently large sampling number N, the error distribution can be described as
where a is the confidence coefficient. This approach provides a way to modify the system model under gradual fault conditions, which is affected by the number of the historical sampling sets.
Moving window based determination principle for historical statistics
Eq. (6) shows that as historical statistics set number N becomes larger, the probability of the error between the matrix class sequence and their expectation will be close to the normal distribution, namely, increasing historical statistics will result in increased accuracy of expectation. However, two factors need to be considered: (A) although a large number of applied historical statistics within reasonable time range can be used to estimate a more accurate set of system parameters, they also increase the computation time, and (B) very old historical statistics can have negative effect when used to estimate the current system parameters. To balance the system model precision with required computation time, a MW method is introduced to reduce the negative effect of the old historical statistics. The principle of the moving window is shown in Fig. 2 . Considering both of the previously mentioned factors and assuming that the optimal MW size is S MW ¼ ðN À 1ÞT, the MW is changing from MWð1Þ to MWðN À 1Þ (marked in green) before the MW reaches its desired length. During this period, increasing amount of historical statistics is used, and once the MW size achieves its optimal length ðN À 1ÞT, it will continue to maintain that length (marked in red). In the process, the old historical statistics will be removed from the applied set while the new statistics will be applied. Using the MW with its size of ðN À 1ÞT, there are always N set of historical statistics used to estimate the system model parameters.
Remark 1. In Eq. (7), the confidence coefficient a is defined to measure the estimation accuracy of the system model parameters. Given a defined acceptable maximum value a max , the determined optimal MW size S MW should guarantee that a 6 a max holds. Considering the computation time by defining the computation time cost as tðcostÞ, the S MW should guarantee that tðcostÞ 6 t max . Therefore, MW size can be regarded as a multivariate function S MW ¼ Fðfaja 6 a max g; ftðcostÞjtðcostÞ 6 t max gÞ, which can be used to determine the optimal MW size S optimal MW by an optimization process.
Fault mode probability factor
In order to effectively utilize the historical statistics of the fault modes, the FMPF is proposed in this paper. The multiple faults occur at different levels and in different combinations, which can cause residual statistical information for the multiple faults. Choosing reasonable sampling period over the long working period, the gradual fault parameter change can be saved as historical statistics. The multiple faults can be represented by the parameter-dependent matrices of the state space form system as ðDA T i ; DB T i Þ. In all historical statistics, different matrix classes may be the same, namely, in different sampling periods: ðDA Ti ; DB Ti Þ ¼ ðDA Tj ; DB Tj Þ. In order to appropriately apply the historical statistics to design the FTC law, the FMPF method is first defined as follows: Definition 1. FMPF. The probability of the multiple faults represents a combination of different faults at different degrees of fault severity, which is captured through statistical information. If there are N cycles of historical statistics, and some of the historical statistics are the same, the same historical statistics are captured in the same group and recorded with the number n cj , where c j is the jth category of the historical statistics. Define the fault mode probability factor as
where n cj can be used to describe the probability of the jth category of multiple faults ðDA Ti ; DB Ti Þ cj . In addition, if there are total of k multiple categories of the historical statistics, all the FMPFs can be calculated as fP c 1 ; P c 2 ; Á Á Á ; P c k g. From all the calculated FMPFs, let P max ¼ maxfP c 1 ; P c 2 ; Á Á Á ; P c k g be the maximum probability factor, where in the case of P cj ¼ P max , the jth category multiple faults ðDA Ti ; DB Ti Þ cj is the most common fault condition during the entire measured statistical time interval.
Since the current system with multiple faults in uncertain form can be amended using the historical statistics, the amended model based on FMPF is given in the following section.
Amended model based on fault mode probability factor
The proposed approach to deal with the system uncertainty is amending the uncertain system in state space form using FMPF. As a result, the uncertain matrices ðDA; DBÞ, which describe the multiple faults in the system, can be determined using FMPF and the corresponding historical statistics. Since all gradual faults converge to a specific state, the expectation operator, Eq. (5), can be applied to processing the statistics and amending the system model uncertainty as ðDA E ; DB E Þ ¼ lim t!1 EðDA; DBÞ. Specifically, the expectation operator based on FMPF can be used in the following form:
where k is the number of the multiple fault mode categories. The proposed FMPF of the historical statistics and the expectation operator can be used to amend DRAS system with multiple faults as
In this amended model, the system uncertain matrices ðDA; DBÞ can be replaced by the determinant expectation of matrices ð P k j¼1 ðP cj ðDA Ti ÞÞ; P k j¼1 ðP cj ðDB Ti ÞÞÞ based on FMPF. Finally, the amended system model can be described as
The purpose of the FMPF based approach is to counteract the adverse effect of parameter uncertainty since it can reduce the parameter estimation errors by utilizing the historical statistics and expectation operator, and then to facilitate the FTC strategy design based on the amended system model. The theoretical foundation of the FMPF based approach is illustrated by the following lemma.
Lemma 1.
The FMPF based amended model is more accurate than the uncertain model under the condition of the multiple gradual faults. Namely, using the same feedback matrix, the absolute values of the error between the real parts of eigenvalues for the FMPF based amended model and the actual one, and the error between the real parts of eigenvalues for the uncertain model and the actual one, hold up Eq. (A11).
Proof. See Appendix A.
Based on the amended model in Eq. (11), the controller of the FTC strategy is designed in the following section.
Design of FMPF based FTC strategy
The flowchart of FMPF based FTC approach is presented in Fig. 3 . In the initial stage of the actuation system, whether the gradual faults occur or not, a set of baseline control parameters should be determined. Since the gradual faults are being considered, all the relevant parameters of gradual faults should be preset and used to construct the uncertain matrices of the system model. Reasonable thresholds of parameters due to gradual faults within the FTC range are chosen. The gradual faults occur during a very long term, and in order to determine reasonable control parameters under gradual faults condition, a control parameter updating period is chosen. At every end of the period, the relevant parameters of gradual faults are estimated using system identification techniques. If all the parameters are within the corresponding thresholds, these parameters are then saved as a new set of the historical statistics. However, if some of the parameters deviate sharply from the corresponding thresholds, it can be conjectured that severe faults have occurred and that the current FTC law should be switched to another one. 23 In the case when the parameters move slightly outside the corresponding thresholds, the relevant control parameter matrices need to be appropriately adjusted. When the new set of gradual fault parameters is added to the historical statistics, the FMPF needs to be updated and the expectation parameter matrices of gradual faults need to be determined based on the new FMPF. Since the obtained system model, under gradual fault conditions, is determined Fig. 2 Moving window based applied historical statistics determination mechanism.
Fault mode probability factor based fault-tolerant control for dissimilar redundant actuation systemby replacing the uncertain matrices with the expectation parameter matrices, the new FTC gain based on new determined system model can be solved and used to update the previous one.
The particular form of FTC for DRAS system with multiple gradual faults is introduced in the following sections.
It is assumed that the controller has fixed structure 26, 27 such that:
(1) Under the multiple gradual faults condition, DRAS output can track the command order S out yðtÞ with respect to the reference signal rðtÞ without steady-state error, i.e. lim t!1 eðtÞ ¼ 0, where eðtÞ ¼ rðtÞ À S out yðtÞ, and S out ¼ ½1; 0; 0; 0. (2) The optimized performance defined in Eq. (14) can be obtained through the designed controller. The corresponding augmented system can be described in the following form: In order to guarantee that the output can track the input signal, the controller is designed as per Ref. 28 by using the state and output error integration feedback as follows:
where K ¼ ½K e ; K x is the control gain matrix. The poles of this augmented system can be selected to have negative real parts, thus guaranteeing stability of the closed-loop system. The Linear-Quadratic (LQ) cost function is defined in the following form: where Q and R are symmetric semi-positive-definite and positive-definite weighting matrices, respectively. The control law can be obtained by selecting the state weighting matrix Q and input weighting matrix R, so as to minimize the total control cost function J. The optimal solution to minimize the total control cost can be obtained by solving the following Riccati equation:
where P is a positive-definite matrix. The feedback control gain matrix K ¼ ½K e ; K x can be determined by using LQR,
Remark 2. The parameter c represents the robust performance of the system and describes the quantitative relationship between the disturbance w and the system output y. The inequality kGðsÞk < c means that the influence of the disturbance w on the system output y is limited in the gain level c.
The controller with FTC function (Fig. 4) is in the state and output error integration feedback form to realize the pole placement and guarantee desired performance in the presence of disturbance. The system uncertainty, due to multiple faults, is addressed by applying the matrix class sequence ðDA T i ; DB T i Þ to obtain the matrices ð P k j¼1 ðP cj ðDA Ti ÞÞ; P k j¼1 ðP cj ðDB Ti ÞÞÞ using the proposed FMPF method. To minimize the cost function, Eq. (14), the weighting matrices can be chosen from LQR, and then the control gain matrix for the uncertain system can be solved. The condition for finding the faulttolerant controller gain is given by the following theorem. Theorem 1. Considering the closed-loop augmented system given by Eq. (12), for a given scalar c > 0 in Remark 1 and for all nonzero disturbanceswðtÞ 2 L 2 0; 1Þ ½ , choosing Q and R as weighting matrices of LQ index, and defining symmetric positive definite matrix P, if the LQR can find the P matrix, then the closed-loop system given in Eq. (12) has the upper bounds of performance index given in the following form:
and the gain matrix for the fault-tolerant controller of the closed-loop system can be determined as
Proof. See Appendix B.
Simulation analysis

Settings of fault scenarios
The system parameters used to verify the effectiveness of the proposed approach are the same as those used in Ref. 22 Typical multiple gradual faults of HA system are presented in Section 2.2. In order to demonstrate the advantage of the proposed FMPF based FTC approach, the Monte Carlo simulation method is used to simulate the historical statistics.
Assuming that the MW size is S MW ¼ 30 and that it can satisfy the computation time cost requirement, the historical statistics are then processed using FMPF method and the expectation operator to obtain five different amended model results, which are designated as FMPF-1 to FMPF-5 and are shown in Table 1 . Fig. 4 Controller structure for system with multiple faults in uncertainty form.
Simulation results with FTC strategies
The first case (Fig. 5) represents system response of an actuation system experiencing gradual faults to a step input with the displacement of 0.03 m. Two methods, based on the FTC approaches, are used to compare the system response. The first is FTC approach presented in Ref.
29
, which models the effects of gradual faults as system uncertain modes and applies robust control method to obtain the control parameters. The second is the FMPF based FTC approach. The method first estimates the unknown parameters using FMPF method on the historical statistics of the system experiencing gradual faults, and then determines the control parameters based on the estimated system. The simulation results indicate that system with FMPF based FTC approach has improved tracking performance ( Fig. 5(a) ). The results (Fig. 5(b) ) also indicate that using FMPF based FTC approach results in smaller tracking error.
The same FTC approaches as the ones used in Fig. 5 are used to compare the control effects when the sinusoidal input signal is applied to the actuation system experiencing gradual faults. The simulation results are shown in Fig. 6 , which indicate that the proposed controller has good tracking performance. Specifically, Fig. 6(a) indicates that using FMPF based FTC approach results in close tracking of the input signal, where the amplitudes of the system response are very close to the ones of the given command, and the response time delay is also smaller than using the FTC approach without FMPF. Also, Fig. 6(b) indicates that FMPF based FTC approach results in the system having smaller tracking error under the given command.
The effects of the historical statistics are analyzed by managing different amount of historical statistic using the proposed FMPF approach. Using the proposed FMPF method, five different models are designated as FMPF-1 -5, where the model based on FMPF-1 is obtained based on the largest amount of historical statistic, whereas the FMPF-5 induced model is obtained using the least amount of historical statistic.
The simulation results, for the case when a step signal with displacement of 0.03[m] is given as the command input to the actuation system experiencing gradual faults, are shown in Fig. 6 . Using the same proposed FMPF based FTC approach, five models, based on different amount of historical statistic, are used to compare the control effects on system response. Fig. 7(a) shows that system response has the settling rise time under the FMPF-1 based FTC approach, whereas FMPF-5 based FTC approach results in the slowest settling time. The results presented in Fig. 7(b) indicate that FMPF-1 based FTC approach results in the lowest tracking error for the given command, whereas FMPF-5 based FTC approach results in the highest tracking error. Since FMPF-1 manages the largest amount of historical statistic and FMPF-5 manages the least amount of historical statistic, it illustrates that, within the coverage of MW size, more historical statistic used results in better control performance.
The simulation results presented in Fig. 8 are for the case when a sinusoidal signal is the command input to the actuation system experiencing gradual faults. The same FTC approach, i.e. five models based on different amount of historical statistic, is used to compare the control effects. The results presented in Fig. 8(a) indicate that FMPF-1 based FTC approach results in the best tracking performance, whereas FMPF-5 based FTC approach results in the worst tracking performance. The simulation results presented in Fig. 8(b) show that FMPF-1 based FTC approach results in the minimum tracking error, while FMPF-5 based FTC approach results in the maximum tracking error. It is apparent that, within the coverage of MW size, using more historical statistic results in better control performance.
Conclusions
A Fault Mode Probability Factor (FMPF)-based FaultTolerant Control (FTC) strategy for multiple gradual faults of Dissimilar Redundant Actuation System (DRAS) has been studied and evaluated. The typical gradual faults of DRAS system are modeled into the state space system in uncertainty form. The historical statistics of the fault modes are used to modify and correct the uncertain model using the proposed FMPF. A controller with fixed structure in state and output error integration feedback form is designed based on the modified model using FMPF. New updating method for the initial control gain under gradual fault condition is proposed. The simulation results indicate that the proposed FMPF based FTC control strategy is effective for the long term working condition of DRAS system experiencing gradual faults. The proposed strategy indicates that system response improves by increasing the amount of historical statistics.
In order to develop the strategy for a wider range of applications, the future work will address optimization of the MW size as well as applicability of the proposed FMPF based FTC strategy on the nonlinear systems. Proof. The eigenvalue form of the uncertain system model, to transform the pair matrix ðA þ DA; B þ DBÞ with K x , can be obtained as
Let q A 2 ½À1; þ1 and q B 2 ½À1; þ1, express the change of parameters due to gradual faults, and then the following inequality can be obtained:
From Eq. (A2), it can be deduced that
RefkðA þ DA þ ðB þ DBÞK x Þg < maxðRefkðAÞ AE kðjDAj bound Þ þ kðBK x Þ AE kðjDBj bound K x ÞgÞ ðA3Þ
The real parts of eigenvalues for the FMPF based amended model can be expressed as
The real parts of eigenvalues for the actual model can be expressed as
Then two errors can be obtained: One is the error between the real parts of eigenvalues for the FMPF based amended model and the actual one, whereas the other is the error between the real parts of eigenvalues for the uncertain model and the actual one. In order to prove the advantage of FMPF based FTC approach, it needs to be shown that the absolute value of the first error is less than the second one.
The error between the real parts of eigenvalues for the FMPF based amended model and the actual one can be determined as follows:
Define the absolute value of this error as
The error between the real parts of eigenvalues for the uncertain model and the actual one can be calculated as
Since the minimum of the error is the following form: minðErrorðM 2 ÞÞ ¼ jRefkðjDAj bound Þ À kðA actual Þ þ kðjDBj bound K x Þ À kðB actual K x Þgj ðA10Þ therefore, ErrorðM 1 Þ À minðErrorðM 2 ÞÞ ¼ RefkðA E ÞÀ kðjDAj bound Þ þ kðB E K x Þ À kðjDBj bound K x Þg,where due to the expectation theory, at least the following conclusion can hold:
Eq. (A11) deduces the conclusion that ErrorðM 1 Þ < minðErrorðM 2 ÞÞ, so that Proof. Since the control law form uðtÞ ¼ Kx aug ðtÞ ¼ K e R t 0 eðsÞds þ K x xðtÞ is used to stabilize the augmented system given in Eq. (12), using the method similar with the one used in Ref. 26 , this control law form is substituted into the LQ cost function form
